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Abstract : In this paper we prove that if 7 C M is a subset of measure 
in a C 2 — smooth generic submanifold M C C n , then M \ I is non-plurithin 
at each point of M in C n . This result improves a previous result of A. 
Edigarian and J. Wiegerinck who considered the case where I is pluripolar 
set contained in a C 1 — smooth generic submanifold M C C™ ([EW10]). The 
proof of our result is essentially different. 
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1. Introduction 

Real p— planes II C C n , dirn^II = p, p € N, which are not contained 
in any proper complex subspace of C n are important in complex analysis 
and pluripotential theory. The C— hull of such plane II is equal to all C n 
i.e. II + JII = C n (J is the standard complex structure on C n ) and any 
non empty open subset of II is non pluripolar in C n . Such planes are called 
generic (real) subspaces of C n . Correspondingly, a real smooth submanifold 
M C C n is said to be generic if for each z £ M, its real tangent space T Z M 
is a generic subspace of C n i.e. T Z M + JT Z M = C n . Such submanifold has 
real dimension m > n. 

The case of minimal dimension dimM = n is the most relevant. In this 
case for each z € M, the tangent space T Z M does not contain any complex 
line i.e. T Z M n JT Z M = {0} and M is said to be maximal totally real. 

One of the main notions in classical potential theory related to the Dirich- 
let problem is the notion of thiness. The corresponding notion in pluripo- 
tential theory can be defined as follows. 

Definition. A subset E C C" is plurithin at z° £ E if there exists a 
plurisubharmonic function u in a neighbourhood of z° in C n such that 

u(z°) > lim u(z). 
z-¥z°, zeM\l 

The main result of this paper is the following. 



(*) Partially supported by the fundamental research of Khorezm Mamun 
Academy,Grant -1-024. 
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Theorem. Let M C C™ be a C 2 generic submanifold and let I C M be an 
arbitrary subset of measure zero in M. Then M\I is non-plurithin at any 
point of M. 

A. Edigarian and J. Wiegerinck proved that if M C C™ be a C 1 -smooth 
generic submanifold and P C C" is a pluripolar set, then M \ P is non- 
plurithin at any point of M (see [EW10]). 

By a result of the first author ([Sa76]) for C 3 -smooth manifolds, extended 
to the C 2 -smooth case by B. Coupet ([C92]), any pluripolar set PcMis 
of measure zero in M. Therefore for C 2 -smooth submanifolds, our result 
improves the result of A. Edigarian and J. Wiegerinck. 

A powerfull method for studing the pluripotential properties on generic 
submanifolds (e.g. pluripolarity, pluriregularity or plurithinness) is the well 
known method of attaching analytic disks (see [B65], [Pin74], [KhCh76], 
[Sa76], [C92], [EW10]). Here we will use the same method but we need 
to establish more precise properties of the smooth family of analytic disks 
attached to M along a half of the unit circle. 

Acknowledgments. The authors whould like to thank Norm Levenberg for 
his helpful remarks and suggestions on a preliminary version of this paper 
and for providing them some useful refrences. 

This work was supported in part by the agreement between National 
University of Uzbekistan and Universite Paul Sabatier de Toulouse. The 
authors whould like to thank these Universities for their help in organizing 
meetings of their Mathematical research groups in Tashkent and Toulouse. 

2. Bishop's construction 

Let us recall Bishop's method for constructing analytic discs attached to 
real submanifolds. 

Let M C C n be a totally real C k — submanifold (A; > 1) of dimension n 
given locally by the following equation 

(2.1) M := {z = x + iy G B x M n : y = h(x)} , 

where B C W 1 is an euclidean ball of center and h : B — >■ W 1 is a C 2 
function such that 

h(0) = and Dh(0) = 0. 
Let v : T — >■ R + a C°° function on the unit circle T such that 
(*) v\j = and w|t\ 7 } > 0) 

where 7 := {e id : 6 € [0,7r]}. 

Assume that there exist a continuous mapping X : T — >■ W 1 solution of 
the following Bishop equation 



(2.2) 



X (r) = c - 9 (h o X + tv) (r) , r G T, 
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where (c, t) £ Q = Q c x Q t C W 1 x W l is a fixed parameter and 3 s is the 
harmonic conjugate operator defined by the Schwarz integral formula 

(2.3) 9 (X) is) = ^Jx (r) Im J±^r , q = re w , 

T 

normalized by the condition 

%X (0) = 0. 

We will consider the unique harmonic extension X (?) of the mapping X (r) 
to the unit disk U. Then the following holomorphic mapping 

$ (c, t, ?) := X (c, t,s)+i [h* (c, t, ?) + to (?)] = 

= c + i {h* (c, t, ?) + tv (?) + »9 [h* (c, t, ?) + tv (?)]} 

provides a family of analytic disks $ (c, t, •) : U — > C n attached to M along 
the arc 7 = {e ie : 9 £ [0,7r]} in the followin g sense 

V(c,t)€Q, Vr€7, $(c,i,r)GM. 

Here X (c, i, •) , /i* (c, £, •) and u denote the harmonic extensions of X (c, t, r) 
ZioX (c, t, r) and u (r) from the unit circle T to the unit disk U, respectively. 

We need a smooth family $ (c, t, ■) of analytic discs. This is provided 
by the following result of B.Coupet ([CIO]) extending a construction done 
previously by the first author. 

Theorem ([C92]). Let h € C k (M), k € N*. Then there exist a neighbor- 
hood Q = Q c x Q t 3 swc/i, that the Bishop equation (2.2) has a unique 
solution u G C fe_1 (Q x T). 

Moreover, the harmonic extensions of u, h o n to f/ie unii e?is& U, i/ieir 
conjugates Qu, 3/iou belong C k (Q xU)n C fc_1 (Q x U) and 

pn|| < A\\u\\ , < A\\h\\ , 

where A is a constant. 

Therefore, when the submanifold M is C 1 — smooth, the solution X(t, c, t) 
is continuous in Q x U and for twise smooth submanifold we obtain a 
C 1 — smooth familly of disks, attached to M. 

In the case when / C M is pluripolar, Edigarian and Wiegerinck [EW] 
needed only a continuous family of disks and gave a beautiful proof for the 
non-thinness of M\I. 

Recall that every pluripolar set / C M on the twice smooth generic 
manifold M has zero- measure (see [Sa76], [C92]), but the converse is far from 
being true. Indeed, there are many subsets of R n C C n with zero-measure 
which are not pluripolar in C n . So our theorem is a non trivial improvement 
of Edigarian and Wiegerinck theorem in the case of C 2 — manifolds. We need 
to assume C 2 — smoothness of M because we need smoothness of the family 
of discs constructed in ([C92]). 
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Observe that the family of discs <l>(c, t, Q obtained above 

(2.4) H>(c,t,0=X(c,t,0+i(h*(c,t,0+tv(0), (c, t) G Q, ( g u, 
satisfies the following conditions: 

(2.5) X(c, t,r)=c-$t(ho X(c, t, r) + tv(r)) , (c, t) G Q, r G dV. 

(2.6) /i* (c, t,r) = ho X(c, t, r), (c, i) G Q, r G <9U 

, „s -^(c, 0, Q = c,h (c, 0, C) = h(c) so that 

1 j $(c,0,()E C |ili(c)eM,ce(3 c 

(2.8) X(c,t,0) = — I X(c,t,r)dT = c, (c,t) e Q. 

2vr J T 

3. Proof of the theorem 

1. First case. We consider the case when dimM = n. Fix a point p, say 
p = G M. We want to prove that M\7 is non-plurithin at 0. Assume 
the contrary, that there exist a V(z) G PSH(G) such that V(0) > 1/2, 
^Im\/u{o} = an d < < 1) f° r z £ G, where G a neighbourhood of 
G C n . 

The proof of the theorem goes in several steps. 

1°. First, for convenience, we introduce the following terminology. We 
say that the disc 3> C) j := <J?(c, t, •), defined by (2.4) is good if 

Hiill) = 0) where 77 := {r G 7 : <E>(c, i,r) G /}. 

Assume that for some fixed value of the parameter (c, t) G Q, the corre- 
sponding disc <fr C) t is "good". Then the function defined on U by the for- 
mula u(Q := V o <3?(c, i, C) satisfies the following properties (we note that 
<3?(c, i, •) : U — > G for a small enough Q): 

u G SfT(U) nC(UU { 7 \ 7 /}) , u| 7 \ 7P = 0. 

Let 7 \ 77, U) be the harmonic measure of the set 7 \ 77 with respect 
to U at the point (. Then w(C,7 \ 7/,U) is the generalized solution of the 
Dirichlet problem in U with boundary data equal to — X 7 \ 7/ on <9U, where 
X 7 \ 7J is the chararcteristic function of the Borel set 7 \ 7/. This means 
that u;(£, 7 \ 7/,U) is a harmonic function negative on U and equal to— x 
quasi-everywhere on <9U, in particular oj((,j \ 77, U) = — 1 on 7 \ 77. Since 
Hi("fi) = 0, it follows from Poisson integral formula that u;(£, 7 \ 77, U) = 
w(C,7,U), since they coincide almost everywhere on dU. 

We put 

ft = { Ce U:l + ^(C,7,U)<l/4}. 
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Then $7 D 7 and $7 = J7 flU for some open set Q : 7 C $7. We note that Q 
depended only of 7. By the so called two-constant theorem, it follows that 
for any q G U 



(3.1) O^u(C) < l + w(C,7,U). 
This implies that u = on 7 and then 

(3.2) y(z) < 1/4, 

provided that the point z lies in the image t ($7) of the good disk § ct . 

2°. The next step is to prove that for arbitrary fixed £° G $7 n U the 
images <3? (c, i, C°) , as (c,t) vary in Q, fill up an open set W((°) 3 in 
C n = W l x M n . 

Consider the map 

S : (c, t) -)■ $ (c, t, C°) = ^ (c, i, C°) + (c, t, ?°) + to (? )] . 
The jacobian of S is 



J(c,t) 



D r ,X ... 



D Cj h* ... v((°)l + D tj h* 
where I is the identity matrix in M. n . We see that 



Ad) = „» (,°) + o [ y: pvm,e [\\D C3 h*w + ha^i 



Here and belove || • || denote the sup norms. 

If t = then by (2.7) X (c, 0, C°) = c and /i* (c, 0, C°) = /i (c). Hence by 
smoothness of <3? and the condition (★), it follows that 

for small enough Q c and Qt (remember that h(0) = Dh(0) = 0). It follows 
that the transformation S is open and then the following set 

W(C°) = S(Q) = {cD (c,t,C°) ; (c,t) G (Q)} 

is open in C™ = R n x M n and contains 0. 

Shrinking, if necessary, Q we can assume, that W(Q C G, VC G 17 n U 
and put W = U {W(C) : (GfinU}. 



3°. Set 



IT = (J {W n $ c , t ($7) : $ c , t is a good disc} . 



c,t 



Then (3.2) implies that V(z) < 1/4 for z G W. 
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Assume for the moment that H2 n (W\W) = (see next steps 3° — 
5°). Then it follows that from the submean value property of subharmonic 
functions in R 2n that V(z) < 1/4 everywhere on W°, i.e. for any z° G W°, 

limsup V(z) = V(z°) 

In particular, V(0) < 1/4. This contradiction will prove the theorem in the 
case when dimM = n. 

The question remains to know "how much" good disks we have? In fact 
we have enough good discs to prove that H-2 n (W \ W') = 0. Indeed, we 
calculate D T X (c, t, r) , (c,t) G Q, r G T 

(3.3) D T X (c, t, t) = -D T %h o X (c, t, r) - tD T Sv (r) 

Since, D T ^sv (r) = D^v (r), where is the normal derivative n, then 
D T X (c, t, t) + tD^v (r) = %D T h o X (c, t, r) . 
For fc-coordinate of vector X (r) = X (c, i, r) we have 



(3.4) 

where e = 
Therefore, 



D T X k (c, t, t) + t k D t v (r) = ||3f£> T ^ o X (c, i, r) || ^ 
^ const \\D T h k o X (c, i, r) || ^ O (e) \\D T X (c, t, r) || , 

c|| + ||*|| : c G Q c , t G Qt} and ||(ai, ....,a n )\\ = max{|ai| 



K|}. 



(3.5) 



t k D^v{r) -0{e)\\t\\ ^ \D T X k {c,t,r)\ ^ 
< t k D^v (r) + O (e) ||t|| , 1 k s; n , r G T 

The second part of (3.5) implies 
(3.6) \\D T X(c,t,T)\\^C\\t\\ , (c,t,r) GQ xT, 

where C > is a constant. 



If we denote by b = inf 



(r) 



> 0, where 7 CC 7, then decreasing 

e > in (3.5) we can arrange so that O (e) < | and the first part of (3.5) 
implies 

(3.7) |D T X fc (c,t,r)| > |* fc |6- ||t||6/2, 

for r G 7 , 1 < k < n. 

4°. Fix (x°,y°) G W\M. Then by p. 2° there exist (c°,t°,C°) G Q x 
(finU) such that $ (c°,t°,C°) = Let ||i°|| = for simplicity we 

assume k = n, and let 'c = (ci, c n _i) , 'i = (ii, t n _i). 

We consider the transformation 



(3.8) 
where 



5: (VU) ->*('c,cO/t,C?) :'QxU- 
'Q :=Qn{c n = c°,t n = OcM 2n - 2 . 
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Then S ('c ) = (x°,y°) and its jacobian is equal to 



J('c,'U) 



dxi 
dci 




dyi 

dci 


9y n —i 
dci 


a^ri 
aci 


dyn 
dci 


dxi 




dyi 


dy„-i 


dx„ 


dyn 


C*C n _i 


9c„_i 


9c n -i 


ac n ^i 


ac n _i 


dc n -i 


dx\ 
~5h 


9x n -l 

dh 


dyi 


dy n -i 


ax n 

"arr 


dy n 
~BT[ 


dx\ 


dx„-i 


dyi 


dy n -i 


ax n 


dy n 


dt n -i 


dtn-l 


9t n -i 


9t n -i 


9t„-i 


dtn-l 


dxi 

a?' 

9a; i 
9f" 


9x n -l 

a?' 

dXn-l 

a?" 


dyi 

a?' 

dyi 

a?" 


9y n -i 

" ^' 
oy n -i 

a?" 


dx n 

a?' 

ax n 

a?" 


dy n 

a?' 

dy n 
9c" 



n, 



Here ^ = <j' + k" and 

s fc ('c/ t, C) = ^ ('c, c° / t, t° , C) , k = l, 
y k (c! t, C) = h* k oX ('c, c° / i, i° , C) + tfc« (C) , & = 1, • • • ra — 1, 

J/nCc/ «) = ft>I ('C, C° / t, t° n , C) + #U (0). 

The determinant J, is composed by 9 block matrices , z,j = 1,2,3. 
We will show that J('c°/i ,C°) / 0, which will imply that the operator 
S is local diffeomorphism in a neig hbourhood of the point ('c ,' i°, C°) 
By (2.7) X (c, 0,0 = c, h* (c, 0, C) = h (c). Therefore, 



and 



D21 D22 
D21 D22 



('c,0,0 



£>H.I>22 = (0 



..n-1 



(0 + O (e) 



('c,'t,o 

Note also that if C = C' + K" then 



(3.9) 



D. 



33 



ax n 


a?/n 




ac 


ac 




aa; n 


a?/n 




ac 


ac 





Now consider the right hand side near the arc7°. It is clear that for every 
s > 0, there is an open set O' D 7 such that 
2 

2 



^(x n + iy n )('c, / i,C) 
By (3.6), (3.7) and (3.9), it follows that 



> \D T x n (' C ; t, r) I -s, VC G Unfi', r G 7 , ('c/ i) G Q. 



I J(' C /t, C)| = 1^11 1 -1^22 I • 



— (xn + M/n)('c/i,C) 



+ 0(e) 



> [^- 1 (0 + O(e)].[|i n 6/2| 2 - S ]+O(e), 
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for all ('c,'t,0 G'Qx [Unfi']. 

We can take S7nf2' instead of and observe that all functions 0(e) do not 
depend on £. Therefore if we take e, s small enough, then | J('c / 1°, £°) | > 
and, in particular, the operator 

S(VU):'Qx{|C-Co|<^}^U(zV) 

is an homeomorphism, where a 1 > and 'Q = 'Q c x 'Q t C 'Q is a neigh- 
bourhood of ('c ,' t°) and U(x°,y°) is a neighbourhood of (x°,y°). 

5°. We show that there exist a neighborhood Qt C 'Q t such that for every 
fixed 't G the mapping 

5 (V i, r) = $ ('c, c° / i, r) : 'Q c x 7 ° ^ M 

is local homeomorphism. We put 



dxi 
dci 

dxi 



dx n 
dci 

dxi 



where {■■■)^ k means that the k th column is omitted. Then A\ 
, A n = 1 if t = 0. We consider the jakobian-minor 



A 



k-i 



J('c,' t, t) = mod 



\An\ 



dxi 


dXr 






dci 


dci 






dx\ 


8x r 










i 




dx i 


dx r 






dr 


dr 






dx n 




dx± 


l^il 


dr 




dr 


\A n \ 



dx. 



dr 



+ ... + 



\Ar. 



dx± 



dr 



\Ai\ + ... + 



dx 



n— 1 



dr 



dx n -i 


\A n — 1 1 


dr 


|^4n| 



By (3.6) and (3.7) we have 

\\D T X (c,t,r)\\ ^ C\\t\\ . 

\D T X n (c,t°,r)\ > |#|&-||*°||6/2 



(c, i, t) G Q x T , C — constant, 



6- 



6 i° 



-, (c,t,r) G QxT. 



Therefore, J('c/t ,r) 7^ if £° small. The same is true for a neighborhood 
0* c 'Q t . 

Since the set / C M has zero-measure, then for almost every 'c G 'Q c 
the disks $ ('c,' i, r) , with fixed '£ G Qt, intersects / on zero-lenght set, 
i.e. the disks $ ('c/ i, £) are "good" for almost every 'c G 'Q c . Therefore, 
the (W\W) n {$('c,'*,s) G R 2n : 'c G G 5 (?°,r)} , r > 0, has zero 

(n + l)-measure. It follows that in a neighbourhood of y° ) G the set 
W^W"' has zero 2n-measure, which completes the proof that H2 n (W\W') = 
0, since (a?o>yo) is arbitrarily fixed. 



2. General case. Let M be an arbitrary generic manifold of dimension 
m > n and let I C M be a subset of measure zero in M. 
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Fix a point, say z° = € M. Changing holomorphic coordinates in C™, 
we can assume that the tangent space TqM, which by definition does not 
contain any complex hyperplane, can be written as 

T M = {z = x + iy G C n : yi = ■ ■ ■ = y 2n -m = 0}. 

Hence for a small neighbourhood G = G± x G 2 of the origin with 

Gi = {(x,y") = (x,y 2 n-m + i,-,yn) G R n x : |x| < <5,|y"| < <5}, 

G 2 = {y' = (yi,--- ,V2n- m ) € M. 2n - m :\y'\< 6}, 
we can represent M as a graph 

MnG = {zGG:y' = h(x,y")}, 

where h is C 2 smooth mapping from G\ into W? n ~ m . 

Observe that for each (m — n) x n matrix i? the intersection M n 
of M with the plane := {z € C™ : y" = x ■ B} is an n— dimensional 
generic manifold for any small enough B. Since H m {I) = then there exist 
B such that In lis has zero- measure. Hence there exists at least one generic 
submanifold M' of dimension n such that G M' C M and H n (InM') = 0. 

By the first case the set M'\I is not thin at 0. It follows, that M\I also 
is not thin at 0.> 



Open problem : Let M C C n be a smooth generic submanifold of dimen- 
sion m and E C M a given Borel subset such that £ E and the following 
condition holds 

H m (snB r ) 

lim = 0, 

where i? m is the Hausdorff measure of dimension m and B r C C n is the eu- 
clidean ball of radius r. Then is- it true that the set M\E non-plurithin at 0? 
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